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We examine how the magnetic susceptibility obtained by the quench experiment on isolated quan-
tum systems is related to the isothermal and adiabatic susceptibilities defined in thermodynamics.
Under the conditions similar to the eigenstate thermalization hypothesis (ETH), together with some
additional natural ones, we prove that for translationally invariant systems the quench susceptibility
as a function of wavevector k is discontinuous at k = 0. Moreover, its values at k = 0 and the
k → 0 limit coincide with the adiabatic and the isothermal susceptibilities, respectively. We give
numerical predictions on how these particular behaviors can be observed in experiments on the
XYZ spin chain with tunable parameters, and how they deviate when the conditions are not fully
satisfied.
Introduction—. Ultracold atoms [1, 2] and molecules
[3–5] in optical lattices offer nearly ideal playgrounds for
studying quantum many-body systems experimentally.
Various model systems [6–21] are realized on the optical
lattices with various geometry [22–27] and with tunable
physical parameters [2, 28–31]. Furthermore, one can iso-
late the systems from the environments over a reasonably
long period, which enables the direct observation of the
dynamics of isolated quantum systems induced by sud-
denly changing a physical parameter [32–38]. After this
so-called quench, the system often relaxes to a steady
state, where the expectation values of local observables
become almost time-independent [21, 39–44]. The nature
of such a steady state has been discussed in terms of the
eigenstate thermalization hypothesis (ETH) [45–56]. For
example, if the ‘strong’ ETH is satisfied, the steady state
is an equilibrium state [45–51].
In this Letter, we study the susceptibility obtained by
the quench experiment, and explore whether or not it co-
incides with a thermodynamic susceptibility. This prob-
lem is highly nontrivial since there are two kinds of ther-
modynamic susceptibilities, the isothermal and the adi-
abatic ones, which take different values. In other words,
it is not even clear which thermodynamic susceptibili-
ties should be compared with the quench one. Further-
more, the wavenumber dependences of these susceptibil-
ities make the problem even more nontrivial, as we will
reveal in this paper.
To be concrete, we consider the magnetic susceptibil-
ity of a quantum spin system. Suppose that the initial
equilibrium state is in a uniform ‘offset’ magnetic field,
h, and a weak extra magnetic field of wavenumber k is
suddenly applied. The quench susceptibility, χqch(k), is
defined as the rate of magnetization change induced by
such a quench. We explore its relation to the isothermal
and the adiabatic thermodynamic susceptibilities, χT (k)
and χS(k), in the case where χT (0) > χS(0), which oc-
curs when h 6= 0.
We reveal that χqch(k) is discontinuous at k = 0 as a
function of k. Due to this discontinuity, both thermody-
namic susceptibilities are obtained from the quench one,
as χqch(0) = χS(0) and lim
k→0
χqch(k) = χT (0). The proof
requires the conditions similar to the ETH, which hold
when the dynamics of the system is complicated enough,
as well as the natural conditions that are satisfied except
at a phase transition point.
Furthermore, we numerically demonstrate how such
anomalous behaviors should be observed in experiments
on an isolated quantum spin system when it is nonin-
tegrable. We also predict how the deviation from these
behaviors is observed when the physical parameters of
the system are tuned so that it becomes integrable.
Setup—. We deal with a quantum spin-1/2 system
on a d-dimensional cubic lattice ΩN with linear size L
and N = Ld spins. The periodic boundary conditions
and the invariance under the discrete spatial translations
are assumed for the pre-quench Hamiltonian Hˆ(h), where
h denotes the uniform offset magnetic field. The density
matrix of the initial state is chosen as the canonical Gibbs
one, ρˆini = e
−βHˆ(h)/Z [57].
We are interested in the quantum quench process where
the additional magnetic field ∆h(r), with wavenum-
ber k and small magnitude ∆hk, is applied suddenly
at t = 0. At t > 0, the isolated system obeys the
Schro¨dinger dynamics of the post-quench Hamiltonian,
Hˆ(h) −∑r∈ΩN σˆzr∆h(r), where σˆαr (α = x, y, z) is the
Pauli operator on site r ∈ ΩN . While the previous works
regarding the quantum quench focused only on the final
state, we here study the quench susceptibility,
χqchN (k) := limT→∞
lim
∆hk→0
Tr[ρˆ(t)mˆk]
T − Tr[ρˆinimˆk]
∆hk
, (1)
which quantifies the difference of the expectation val-
ues of the k-component of magnetization, mˆk =
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∑
r∈ΩN e
−ik·rσˆzr, between the final and the initial
states. Here, ρˆ(t) is the density matrix at time t, and
f(t)
T
denotes the time average of f(t) over 0 ≤ t ≤ T .
Here and after, we put the subscript N to the suscepti-
bilities in order to denote their N dependence.
For comparison, we consider the isothermal and the
adiabatic thermodynamic susceptibilities, χTN (k) and
χSN (k), which are defined via the quasistatic processes
with constant temperature and entropy, respectively. At
k = 0, they satisfy
χTN (0)− χSN (0) =
T
ch
[(
∂m0
∂T
)
h
]2
, (2)
where ch is the specific heat at constant magnetic field
and T = 1/β is the temperature [58]. We assume
0 < T < +∞, and exclude phase transition points where
ch diverges as N → ∞ and the case where (∂m0/∂T )h
vanishes, which is indeed unlikely for h 6= 0. Hence, the
two susceptibilities take different values even in the ther-
modynamic limit,
χS∞(0) < χ
T
∞(0), (3)
where χ•∞(k) := limN→∞ χ
•
N (k).
Main results—. Our main results are summarized as
follows.
(i) The k = 0 value of the quench susceptibility agrees
with that of the adiabatic one:
χqch∞ (0) = χ
S
∞(0), (4)
if and only if condition (8), which is similar to but dif-
ferent from the ordinary ETH, is satisfied. Although the
quench increases entropy, this equality implies it is irrel-
evant to χqch∞ (0) [58]. By contrast, the quench induces
relevant changes in energy and temperature [58], which
results in χqch∞ (0) < χ
T
∞(0).
(ii) The k 6= 0 value of the quench susceptibility agrees
with those of the adiabatic and the isothermal ones [59],
χqch∞ (k) = χ
S
∞(k) = χ
T
∞(k) for all k 6= 0, (5)
if and only if condition (10), which is similar to but
weaker than the ordinary ‘off-diagonal’ ETH [44, 49–51],
is satisfied.
(iii) The isothermal susceptibility, χT∞(k), is uniformly
continuous as a function of k under two conditions (12)
and (13) regarding the spatial spin-spin correlation func-
tion, both of which are fulfilled in normal systems.
(iv) When the conditions for (ii) and (iii), (namely (10),
(12) and (13)) are all satisfied,
lim
k→0
χqch∞ (k) = lim
k→0
χT∞(k) = χ
T
∞(0). (6)
This also shows that χqch∞ (k) is discontinuous at k = 0
because χqch∞ (0) < χ
T
∞(0) as seen from the thermody-
namic inequality (3) and the general relation [58],
χqchN (0) ≤ χSN (0). (7)
(v) These results can be confirmed by a series of exper-
iments in the isolated quantum systems, e.g., ultracold
atoms, which simulate the XYZ spin chain. We predict
the dependence of the above susceptibilities on k, N , and
the exchange coupling parameters, Jx, Jy, Jz.
Condition for (i)—. We introduce mˆ0k :=
limT→∞ eiHˆ(h)tmˆke−iHˆ(h)t
T
, which is the energy-
diagonal part of mˆk [58]. Let |ν〉 be the simultaneous
eigenstate of Hˆ(h), the translation operators and
mˆ0k=0, with eigenenergy Eν and crystal momentum
Kν . We also introduce δσˆ
z
r = σˆ
z
r − Tr[ρˆiniσˆzr] and
δEν = Eν −Tr[ρˆiniHˆ(h)]. Then, we obtain the necessary
and sufficient condition for (i) in the following form
[58]: For almost all |ν〉 in a narrow energy region
|δEν | <∼ T
√
chN , the diagonal elements 〈ν|δσˆz0|ν〉 are
related almost linearly with δEν as
〈ν|δσˆz0|ν〉 ∝ δEν/N + o(1/
√
N). (8)
This is similar to but different from the ordinary two
forms of ETH in the following points. The ordinary
strong ETH [48–51] requires that all 〈ν|σˆz0|ν〉 behave like
a smooth function of Eν/N , which is often satisfied in
nonintegrable systems [60]. Since a smooth function of
Eν/N can be regarded as linear within the narrow region
|δEν | <∼ T
√
chN , any system satisfying the strong ETH
also satisfies condition (8), while notice that the converse
is not necessarily true. By contrast, the ordinary weak
ETH [53–55] requires only that 〈ν|δσˆz0|ν〉 = o(1) for al-
most all ν in the same energy region. For this reason,
some models that satisfy the ordinary weak ETH do not
satisfy Eq. (8), as will be demonstrated shortly.
Demonstration of (i)—. We now demonstrate how re-
sult (i) can be observed in experiments on the XYZ spin
chain, which has the pre-quench Hamiltonian,
Hˆ(h) = −
N−1∑
j=0
∑
α=x,y,z
Jασˆ
α
j σˆ
α
j+1 −
N−1∑
j=0
hσˆzj , (9)
with periodic boundary condition, σˆN = σˆ0. Since spin
systems [14–21] and a 1D ring [22, 23] can be separately
realized in ultracold atoms and molecules, we expect this
model can also be realized experimentally. This model
alone covers three different classes of systems, (a) XYZ,
(b) XXZ (Jx = Jy 6= Jz) and (c) XY (Jz = 0) models, by
tuning the parameters Jα. We here predict the behaviors
of the susceptibilities by means of the numerical diago-
nalization for (a) and (b), and the analytic evaluation for
(c), respectively.
Figure 1(a) shows the N dependence of the k = 0
components χqchN (0), χ
T
N (0) and χ
S
N (0) in the XYZ model
[61]. Since the model has no local conserved quantity
for h 6= 0 [62], it is expected that the condition (8) is
fulfilled, so that Eq. (4) holds. In fact, Fig. 1(a) shows
that χqchN (0) approaches χ
S
N (0) as N increases. Their
difference decreases nearly exponentially, as shown in the
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FIG. 1. Size-N dependence of χqchN (0), χ
T
N (0) and χ
S
N (0)
of the (a) XYZ, (b) XXZ and (c) XY models. We take (a)
(Jx − Jy, Jz) = (1.2, 1.0), (b) (0.0, 1.0) and (c) (1.2, 0.0), for
fixed values of Jx + Jy = 0.6, h = 0.8, β = 0.15. Inset of (a)
: χSN (0)− χqchN (0) in the logarithmic scale. Solid lines in (c):
χqch∞ (0), χ
T
∞(0) and χ
S
∞(0).
inset, where the function 0.083 e−0.193N is also plotted
as a guide to the eye. Both of them remain far off from
χTN (0).
Contrastingly, Eq. (4) does not hold for the XXZ and
the XY models, as shown in Figs. 1(b) and (c), respec-
tively. In these two cases, there exist some local con-
served quantities that result in the violation of Eq. (8)
and its equivalent (4). In other words, they do not satisfy
Eq. (8) because of its integrability [63], while they do sat-
isfy the ordinary ‘weak’ ETH [53–56]. It should be noted
that our results (a)-(c) are consistent with inequalities
(3) and (7).
Conditions for (ii)—. As is proved in [58], Eq. (5)
holds if and only if almost all |ν〉 in a narrow energy
region |δEν | <∼ T
√
chN satisfy∑
ν′
δEν ,Eν′ δKν ,Kν′+k| 〈ν′|σˆz0|ν〉 |2 = o(1/N)
for all k 6= 0. (10)
This is similar to the ‘off-diagonal ETH’ [44, 49–52], ex-
cept for the following points. Firstly, the off-diagonal
ETH requires that all off-diagonal elements of all lo-
cal operators tend to vanish as N → ∞. By contrast,
Eq. (10) refers only to a particular spin operator σˆz0
and to the off-diagonal elements between specific pairs
of states such that
Eν = Eν′ and Kν = Kν′ + k. (11)
Furthermore, it requires not all such off-diagonal ele-
ments but most of them tend to vanish. Secondly, the
ordinary off-diagonal ETH [44, 49–51] requires exponen-
tially fast decay of all the off-diagonal elements, which
is not necessarily satisfied in integrable models. By con-
trast, Eq. (10) is a weaker condition [58] that can be sat-
isfied even in integrable models, as we will demonstrate
shortly for the XY model.
It is noteworthy that if we impose Eqs. (8) and (10) not
only on a particular spin operator σˆz0 but also on all other
local operators, we obtain a new necessary condition for
thermalization, which is also a sufficient condition as long
as the quench parameter ∆hk is small.
Conditions for (iii)—. We introduce the canonical
spin-spin correlation function [58, 64] as φTN (r) :=
β〈δσˆz0; δσˆzr〉ini. Then, we can show [58] that χT∞(k) is uni-
formly continuous on the whole region (including k = 0),
if φT∞(r) decays fast enough such that
lim
N→∞
∑
r∈ΩN
∣∣φT∞(r)∣∣ <∞ (12)
and if finite-size effects are small such that
lim
N→∞
∑
r∈ΩN
∣∣φTN (r)− φT∞(r)∣∣ = 0. (13)
Since we exclude phase transition points, condition (12)
is expected to be satisfied in most systems. Moreover,
it seems normal that the condition (13) holds, since the
canonical ensemble well emulates a subsystem in an infi-
nite system [65, 66].
If conditions (10), (12) and (13) are all fulfilled, Eq. (6)
follows from results (ii) and (iii). It also follows that
χqch∞ (k) is discontinuous at k = 0, as discussed in (iv).
Demonstrations of (ii)-(iv)—. The discontinuity of
χqch∞ (k) may seem counterintuitive, but can be verified
experimentally by adopting the isolated system repre-
senting Eq. (9). The observed susceptibility should follow
the following results of the numerical simulation.
Figures 2 shows the k-dependence of χqchN (k), χ
T
N (k)
and χSN (k) in the (a) XYZ, (b) XXZ and (c) XY models.
Recalling that the condition (10) is weaker than the or-
dinary off-diagonal ETH [44, 49–51], we expect that it is
fulfilled in all these models. In fact, our data show that
Eq. (5), χqch∞ (k) = χ
S
∞(k) = χ
T
∞(k) for all k 6= 0, holds in
each model. We also find that χTN (k)−χqchN (k) for k 6= 0
scales as Θ(1/N) in (c). This is because the off-diagonal
elements | 〈ν′|σˆz0|ν〉 | that satisfy Eq. (11) decay not expo-
nentially but algebraically as Θ(1/N) for the XY model.
The conditions (12) and (13) are the natural ones
that will also be satisfied in all these models. In fact,
Figs. 2(a)-(c) indicate Eq. (6), lim
k→0
χqch∞ (k) = χ
T
∞(0),
holds and hence χqch∞ (k) is discontinuous at k = 0 while
χT∞(k) is uniformly continuous.
For the parameters presented here, Eqs. (5) and (6)
hold in all three cases, while Eq. (4) only in the XYZ
one. By further varying Jx and Jy, we can also construct
a model for which none of Eqs. (4)-(6) holds [58]. In such
a case, the condition (10) is violated, while the conditions
(12) and (13) are still fulfilled.
Physical origin of (iv) —. Among (i)-(v), the result
(iv), namely the anomalous behavior of χqchN (k) at around
4 0.15
 0.2
 0  1  2
(a) XYZ
 0
 0.1
 0.2
 0  1  2
(b) XXZ
 0.1
 0.15
 0  1  2  3
(c) XY
 0.1
FIG. 2. k dependence of χqchN (k), χ
T
N (k) and χ
S
N (k) in (a)
XYZ, (b) XXZ and (c) XY models, with the same parameters
as in Fig. 1. We take (a), (b) N = 12-17 and k = 2pink/N
and (c) N = 2n with n = 3-9 and k = 2pink/8, with nk = 0-
4. Solid line in (c): χqch∞ (k) (= χ
S
∞(k) = χ
T
∞(k)) for k 6=
0, whereas the dashed line shows its discontinuous jump to
χqch∞ (0).
k = 0, should be the most nontrivial one. We here give
its physical interpretation assuming that Eqs. (4) and (5)
hold.
Suppose a huge system enclosed by an adiabatic wall,
and its large number of sites, Ntot, allows χ
•
Ntot
(k) to
be well approximated by χ•∞(k). Then, we focus on a
subsystem of N sites, where Ntot  N  1, and qua-
sistatically apply an additional field, ∆h, only to the
subsystem. Since the rest of the system works as a
heat reservoir for the subsystem, the total magnetiza-
tion of the subsystem changes by {NχT∞(0) + o(N)}∆h.
We can also evaluate it as N EN [χ
S
∞(k)]∆h by regarding
the same field as the superposition of magnetic fields of
wavenumber k in the entire system, where EN [•] denotes
a weighted average over a small but finite region of k such
that |k| <∼ 2pi/L. By equating these two evaluations, we
obtain
χT∞(0) + o(1) = EN [χ
S
∞(k)], (14)
which yields Eq. (6). From Eqs. (3)-(5), this shows that
not only χS∞(k) but also χ
qch
∞ (k) is discontinuous at k =
0.
Relation to Kubo formula —. We finally discuss the
relation to the susceptibility obtained by the Kubo for-
mula, χKuboN (k, ω+ iε), which was derived assuming also
that the system is isolated [67]. Here, ω is the frequency
and ε is an infinitesimal positive number. While we have
defined χqchN through a sudden quench of ∆h(r), Kubo
derived χKuboN assuming that ∆h(r) is switched on grad-
ually over a long time scale ∼ 1/ε.
It is generally believed that the ε→ +0 limit of χKuboN
should be taken after the N →∞ limit [68–72]. However,
some works took the ε→ +0 limit keeping N finite [73–
75]. For the latter limit, we can show [58]
lim
ε→+0
χKuboN (k, 0 + iε) = χ
qch
N (k) for all N, (15)
although LHS and RHS correspond to the slow and fast
processes, respectively, which would result in different
final states. Therefore, all the statements (i)-(iv) for
χqch∞ (k) hold also for lim
N→∞
lim
ε→+0
χKuboN (k, 0 + iε) [76].
Moreover, the previous results on lim
ε→+0
χKuboN (0, 0 + iε)
[73–75] can be understood more precisely using (i) [58].
However, it is noteworthy that χKuboN is hard to mea-
sure in experiments in contrast to χqchN , since the system
cannot be isolated for the infinitely long timescale.
In conclusion, we have revealed the anomalous natures
of the quench susceptibility, demonstrating together that
experimental verifications are feasible enough.
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A. Quench susceptibility
We deal with a quantum spin system on a d-dimensional hypercubic lattice ΩN with linear size L and N = |ΩN | = Ld
spins centered at r = 0. The unit of length is taken as the lattice constant. We consider a quantum quench process
where the weak additional field ∆h(r), with wavenumber k and magnitude ∆hk, is applied suddenly at t = 0 and
after that the expectation value of σˆzr evolves in time as
〈σˆzr〉qch(t) = 〈σˆzr〉ini +
∑
r′∈ΩN
φqchN (r − r′; t)∆h(r′) +O(∆h2k), (S1)
where 〈•〉ini = Tr[ρˆini•]. Here, φqchN (r; t) = β〈δσˆz0; δσˆzr〉ini − β〈δσˆz0; δσˆzr(t)〉ini is a periodic function of r with period
L, where Xˆ(t) = eiHˆ(h)tXˆe−iHˆ(h)t is the Heisenberg operator and 〈Xˆ; Yˆ 〉ini = 1β
∫ β
0
du 〈euHˆ(h)Xˆ†e−uHˆ(h)Yˆ 〉ini is the
canonical correlation. Then, the response of mˆk at time t reads ∆〈mˆk〉qch(t) = 〈mˆk〉qch(t)−〈mˆk〉ini = χqchN (k; t)∆hk+O(∆h2k), where
χqchN (k; t) =
∑
r∈ΩN
e−ik·rφqchN (r; t) = βN〈δmˆk; δmˆk〉ini − βN〈δmˆk; δmˆk(t)〉ini. (S2)
Since we are only interested in the relaxed value of ∆〈mˆk〉qch(t), we define the quench susceptibility χqchN (k) as the
long time average of χqchN (k; t),
χqchN (k) = limT→∞
χqchN (k; t)
T
= βN〈δmˆk; δmˆk〉ini − βN〈δmˆ0k; δmˆ0k〉ini. (S3)
Here the energy diagonal part of an operator Xˆ is given as Xˆ0 = limT→∞ Xˆ(t)
T
=
∑
ν,ν′ δEν ,Eν′ |ν〉 〈ν|Xˆ|ν′〉 〈ν′|.
Figures S1(a) and (b) show the time dependence of χqchN (0; t) and χ
qch
N (pi/2; t) in 1D XYZ model, respectively. For
t & 5, i.e., after the transient regime, χqchN (k; t) fluctuates in time around the quench susceptibility χ
qch
N (k), which
is shown by the solid line. When the system size N is increased as 8, 12 and 16, this time fluctuation gets small.
Therefore, if χqchN (k; t) is measured after the transient regime in the system with sufficiently large spin number, N ,
the measured value of χqchN (k; t) will be close to χ
qch
N (k).
B. Thermodynamic susceptibilities
We consider the isothermal quasistatic process in which the weak additional field is applied gradually and the final
state of the system is the canonical Gibbs one, ρˆTfin ∝ exp
(−β(Hˆ(h) −∑r∈ΩN σˆzr∆h(r))), with the same inverse
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FIG. S1. Time dependence of (a) χqchN (0; t) and (b) χ
qch
N (pi/2; t) in XYZ model, with the parameters, Jx+Jy = 0.6, Jx−Jy = 1.2,
Jz = 1.0, h = 0.8 and β = 0.15. We take N = 8, 12, 16. The solid lines in (a) and (b) show χ
qch
N (0) and χ
qch
N (pi/2) for each N ,
respectively. As the system size N is increased, the time fluctuation of χqchN (k; t) from its time average χ
qch
N (k) gets small in
both (a) and (b).
temperature as the initial one. Then, the expectation value of σˆzr changes by
∆〈σˆzr〉T = Tr[ρˆTfinσˆzr]− 〈σˆzr〉ini =
∑
r′∈ΩN
φTN (r − r′)∆h(r′) +O(∆h2k), (S4)
where φTN (r) = β〈δσˆz0; δσˆzr〉ini is defined as a periodic function of r in the same way as φqchN (r; t). From Eq. (S4), the
response of mˆk is given as ∆〈mˆk〉T = Tr[ρˆTfinmˆk]− 〈mˆk〉ini = χTN (k)∆hk +O(∆h2k), where
χTN (k) =
∑
r∈ΩN
e−ik·rφTN (r) = βN〈δmˆk; δmˆk〉ini (S5)
is the isothermal susceptibility.
We also consider the adiabatic quasistatic process in which the weak additional field is applied gradually and the
final state of the system is the canonical Gibbs one ρˆSfin ∝ exp
(−βSfin(Hˆ(h)−∑r∈ΩN σˆzr∆h(r))) with the same entropy
as the initial one, −Tr[ρˆSfin log ρˆSfin]/N = −Tr[ρˆini log ρˆini]/N . From this condition, the final inverse temperature βSfin is
determined as
βSfin = β +
∑
r∈ΩN
β
〈δHˆ(h) δσˆzr〉ini
〈δHˆ(h)2〉ini
∆h(r) +O(∆h2k). (S6)
The change of the expectation value of σˆzr, ∆〈σˆzr〉S = Tr[ρˆSfinσˆzr]− 〈σˆzr〉ini, is given as
∆〈σˆzr〉S = ∆〈σˆzr〉T − (βSfin − β)〈δHˆ(h) δσˆzr〉ini +O(∆h2k) =
∑
r′∈ΩN
φSN (r − r′)∆h(r′) +O(∆h2k), (S7)
where
φSN (r) = φ
T
N (r)− β
〈δHˆ(h) δσˆz0〉2ini
〈δHˆ(h)2〉ini
. (S8)
Then, the response of mˆk is also given as ∆〈mˆk〉S = Tr[ρˆSfinmˆk]− 〈mˆk〉ini = χSN (k)∆hk +O(∆h2k), where
χSN (k) =
∑
r∈ΩN
e−ik·rφSN (r) = χ
T
N (k)− βN
|〈δHˆ(h) δmˆk〉ini|2
〈δHˆ(h)2〉ini
(S9)
is the adiabatic susceptibility.
C. Relations between the susceptibilities
From Eq. (S9), we have χSN (k) = χ
T
N (k) − Tch
∣∣(∂mk/∂T )h∣∣2, where ch = β2〈δHˆ(h)2〉ini/N is the specific heat at
constant magnetic field and (∂mk/∂T )h = −β2〈δHˆ(h)δmˆk〉ini. In contrast to k = 0 component, (∂mk/∂T )h = 0
hold for all k 6= 0 due to the translation invariance of Hˆ(h), yielding
χSN (k) = χ
T
N (k) for all k 6= 0. (S10)
3Comparing Eqs. (S3) and (S9), we have
χSN (0)− χqchN (0) = βN〈δmˆ0k=0; δmˆ0k=0〉ini − βN
|〈δHˆ(h) δmˆk=0〉ini|2
〈δHˆ(h)2〉ini
(S11)
= βN
(∑
ν
e−βEν
Z
〈ν|δσˆz0|ν〉2
)
− βN
(∑
ν
e−βEν
Z
δEν 〈ν|δσˆz0|ν〉
)2 / (∑
ν
e−βEν
Z
δE2ν
)
≥ 0 (S12)
from the Cauchy-Schwarz inequality. Here 〈ν′|mˆ0k=0|ν〉 = δν,ν′ 〈ν|mˆ0k=0|ν〉 = δν,ν′ 〈ν|σˆz0|ν〉 holds, since |ν〉 is the
simultaneous eigenstate of Hˆ(h), translation operators and mˆ0k=0. This yields the general relation (7) [1–3]. The
equality for finite N holds if and only if 〈ν|σˆz0|ν〉 ∝ δEν/N for all ν, which is not satisfied in almost all systems. In
the thermodynamic limit N →∞, the condition for the equality is relaxed as follows.
Result (i) : From Eq. (S12), the necessary and sufficient condition for Eq, (4) is given as
lim
N→∞
N
(∑
ν
e−βEν
Z
〈ν|δσˆz0|ν〉2
)
= lim
N→∞
N
(∑
ν
e−βEν
Z
δEν 〈ν|δσˆz0|ν〉
)2 / (∑
ν
e−βEν
Z
δE2ν
)
, (S13)
which holds if and only if Eq.(8) is fulfilled for almost all |ν〉 in a narrow energy region |δEν | . T
√
chN .
We can relate condition (8) with the ordinary ETH more directly. Let us introduce the microcanonical average
over the energy shell (E − δ, E] as 〈•〉mc(E/N) and the number of states in (E − δ, E] as W (E/N), assuming that
the energy width δ can be taken as δN = Θ(1/N
1+α), where α is some small positive number. Then we can evaluate
〈σˆz0〉ini as
〈σˆz0〉ini =
∑
ν
e−βEν
Z
〈ν|σˆz0|ν〉 =
∫
de exp(N(sN (e)− βe))〈σˆz0〉mc(e)∫
de exp(N(sN (e)− βe)) +O(δN ), (S14)
where sN (e) = logW (e)/N . Except at a phase transition point, we can use the saddle point method and obtain
〈σˆz0〉ini = 〈σˆz0〉mc(e∗) +O(1/N), (S15)
where e∗ is determined by s′N (e
∗) = dsNde (e
∗) = β. In the same way,
〈Hˆ(h)〉ini/N = e∗ +O(1/N), (S16)∑
ν
e−βEν
Z
δE2ν
/
N = 1/|s′′N (e∗)|+ o(1), (S17)
∑
ν
e−βEν
Z
δEν 〈ν|δσˆz0|ν〉 =
d〈σˆz0〉mc
de
(e∗)
/
|s′′N (e∗)|+ o(1), (S18)
N
∑
ν
e−βEν
Z
〈ν|δσˆz0|ν〉2 = N
∑
ν
e−βEν
Z
| 〈ν|σˆz0|ν〉 − 〈σˆz0〉mc(Eν/N)|2 +
(d〈σˆz0〉mc
de
(e∗)
)2 /
|s′′N (e∗)|+ o(1) (S19)
can be shown. From Eqs. (S17), (S18) and (S19), the following result holds.
Result (i’) : Eq. (4) or its equivalent condition (8) holds if and only if
N
∑
ν
e−βEν
Z
| 〈ν|σˆz0|ν〉 − 〈σˆz0〉mc(Eν/N)|2 = o(1), (S20)
which is similar to the weak ETH [4–6] in that it requires almost all 〈ν|σˆz0|ν〉 should be close to 〈σˆz0〉mc(Eν/N).
Condition (S20) will be satisfied in nonintegrable systems, where 〈ν|σˆz0|ν〉 is often exponentially close to 〈σˆz0〉mc(Eν/N)
[7, 8]. Note that, there are some integrable models which satisfy the ordinary weak ETH [4, 5, 9] but do not satisfy
condition (S20). This fact can be confirmed by the violation of its equivalent Eq. (4), χqch∞ (0) = χ
S
∞(0). (See main
text.) Indeed, condition (S20) is more stringent than the ordinary weak ETH [4, 5, 9] in that condition (S20) requires
| 〈ν|σˆz0|ν〉 − 〈σˆz0〉mc(Eν/N)|2 to be typically o(1/N), while the ordinary weak ETH [4, 5, 9] allows this quantity to
be larger than Θ(1/N). Here, functions of N , fN and gN , satisfy gN = Θ(fN ), if there are positive constants
0 < c1 ≤ c2 <∞ such that c1fN ≤ gN ≤ c2fN holds for sufficiently large N .
Eqs. (S3) and (S5) give a relation between k 6= 0 components,
χTN (k)− χqchN (k) = βN〈δmˆ0k; δmˆ0k〉 = βN
∑
ν
e−βEν
Z
∑
ν′
δEν ,Eν′ δKν ,Kν′+k| 〈ν′|σˆz0|ν〉 |2, (S21)
4where the crystal momentum Kν is defined so that the eigenvalue of r sites translation operator is written as e
−iKν ·r
and we used | 〈ν′|mˆk|ν〉 | = δKν ,Kν′+k| 〈ν′|σˆz0|ν〉 |. Therefore Eqs. (S10) and (S21) yield the following.
Result (ii) : Eq. (5) holds if and only if the off-diagonal elements are small so that∑
ν
e−βEν
Z
N
∑
ν′
δEν ,Eν′ δKν ,Kν′+k| 〈ν′|σˆz0|ν〉 |2 = o(1) for all k 6= 0. (S22)
This condition can be rephrased as Eq. (10), which is weaker than the ordinary off-diagonal ETH [10–13] as explained
below using XY model.
D. Analysis of the quench process using thermodynamics
In this section, we assume that thermalization occurs after the quench process, where the small uniform magnetic
field ∆h0 is applied. From this assumption, the state of the system, which evolves from the initial equilibrium state,
relaxes to another equilibrium state. Since the expectation value of the post-quench Hamiltonian Hˆ(h + ∆h0) does
not change before and after the quench, the initial and the final equilibrium states satisfy
e+ ∆e = 〈Hˆ(h+ ∆h0)〉fin/N = 〈Hˆ(h+ ∆h0)〉ini/N = 〈Hˆ(h)〉ini/N − 〈mˆ0〉ini∆h0 = e−m0∆h0, (S23)
where e and e+∆e are the initial and the final equilibrium values of the energy per site and m0 is the initial equilibrium
value of the k = 0 component of the magnetization. From Eq. (S23), the change of the entropy is
∆s =
∂s
∂e
(e, h)∆e+
∂s
∂h
(e, h)∆h0 +O
(
(∆h0)
2
)
= β∆e+ βm0∆h0 +O
(
(∆h0)
2
)
= O((∆h0)2), (S24)
where β is the initial inverse temperature. Eq. (S24) is consistent with Eq. (4). Note that the change of the energy
per site ∆e = −m0∆h0 and the change of the inverse temperature
∆β =
β
ch
(∂m0
∂T
)
h
∆h0 +O
(
(∆h0)
2
)
(S25)
are O(∆h0) because h 6= 0. This results in χqch∞ (0) < χT∞(0).
E. Proof of (iii)
From condition (12), we can define χinf(k) = limN→∞
∑
r∈ΩN e
−ik·rφT∞(r), which is uniformly continuous in k by
the property of Fourier transform. From Eq. (S5),
|χTN (k)− χinf(k)| ≤
∣∣∣ ∑
r∈ΩN
e−ik·r
(
φTN (r)− φT∞(r)
)∣∣∣+ ∣∣∣ lim
N ′→∞
∑
r∈ΩN′\ΩN
e−ik·rφT∞(r)
∣∣∣ (S26)
≤
∑
r∈ΩN
∣∣φTN (r)− φT∞(r)∣∣+ lim
N ′→∞
∑
r∈ΩN′\ΩN
∣∣φT∞(r)∣∣. (S27)
In the N → ∞ limit, the first term and the second term of Eq. (S27) converges to 0 from condition (13) and (12),
respectively. As a result, χTN (k) converges to χ
inf(k) in the N → ∞ limit, χT∞(k) = χinf(k) for all k, which implies
that χT∞(k) is also uniformly continuous in k. 
Note that condition (13) is essential for the uniform continuity of χT∞(k). Since φ
S
∞(r) = φ
T
∞(r) follows from
Eq. (S8), condition (12) holds also for φS . However condition (13) does not hold for φS :
lim
N→∞
∑
r∈ΩN
|φSN (r)− φS∞(r)| = lim
N→∞
∑
r∈ΩN
|φSN (r)− φTN (r) + φTN (r)− φT∞(r)| = χT∞(0)− χS∞(0) > 0, (S28)
which is consistent with the discontinuity of χS∞(k) at k = 0.
In Fig. S2, we verify the conditions for (iii), (a) φT∞(r) decays fast enough and (b) finite size effects of φ
T
N (r)
are small, in XYZ model. To this end, we introduce two quantities, (a)DN =
∑
r∈ΩN |φTNmax(r)| and (b)FN =∑
r∈ΩN |φTN (r)−φTNmax(r)|, where Nmax is taken as large as possible. Fig. S2 (a) shows N dependence of DN in XYZ
model. As N increases, DN is saturated, suggesting that condition (12) holds. Fig. S2 (b) shows N dependence of
FN in the same system. As N increases, FN decreases, suggesting that condition (13) holds.
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FIG. S2. Verification of conditions for (iii) in XYZ model, with the same parameters as in Fig. S1. We investigate the N
dependence of (a)DN , the sum of |φTNmax(r)| over all r ∈ ΩN , and (b)FN , the sum of |φTN (r)− φTNmax(r)| over all r ∈ ΩN . We
take Nmax = 16.
F. Analytic solutions in 1D XY model
We here describe the analytic solutions χqch∞ (k), χ
S
∞(k) and χ
T
∞(k) in 1D XY model and verify whether the above
relations hold or not in this model. By defining Js = Jx + Jy, Ja = Jx− Jy and εk =
√
(Js cos k + h)2 + J2a sin
2 k, we
can write the results as follows.
For the k = 0 components, we have
χqch∞ (0) =
1
2pi
∫ 2pi
0
dk′
J2a sin
2 k′
ε2k′
tanhβεk′
εk′
, (S29)
χT∞(0) = χ
qch
∞ (0) +
β
2pi
∫ 2pi
0
dk′
(Js cos k
′ + h)2
ε2k′
1
cosh2 βεk′
, (S30)
χS∞(0) = χ
T
∞(0)−
( β
2pi
∫ 2pi
0
dk′
Js cos k
′ + h
cosh2 βεk′
)2 / ( β
2pi
∫ 2pi
0
dk′
ε2k′
cosh2 βεk′
)
< χT∞(0). (S31)
From Eqs. (S29) and (S31), Eq. (4) is violated except at the case of free spin model (Js = Ja = 0) or critical point
of transverse field Ising model (|Js| = |Ja| = |h|). Therefore, condition (8) does not hold, whereas the ordinary weak
ETH [4, 5, 9] is satisfied in this model.
For the k 6= 0 components, Eq. (5) is satisfied as
χT∞(k) = χ
S
∞(k) = χ
qch
∞ (k)
=
1
2pi
∫ 2pi
0
dk′
εk′εk′+k − (Js cos k′ + h)(Js cos(k′ + k) + h) + J2a sin k′ sin(k′ + k)
2εk′εk′+k
× tanhβεk′ + tanhβεk′+k
εk′ + εk′+k
+
1
2pi
∫ 2pi
0
dk′
sinhβ(εk′ − εk′+k)
εk′ − εk′+k
1
coshβεk′ coshβεk′+k
×εk′εk′+k + (Js cos k
′ + h)(Js cos(k′ + k) + h)− J2a sin k′ sin(k′ + k)
2εk′εk′+k
. (S32)
This indicates condition (S22) is satisfied in this model. From Eqs. (S30) and (S32), Eq. (5) holds and χT∞(k) is
uniformly continuous in k, while χqch∞ (k) is discontinuous at k = 0. Moreover, for k 6= 0, χTN (k)− χqchN (k) scales as
χTN (k)− χqchN (k) =
β
2N
( 1
cosh2 βεk/2
+
1
cosh2 βεpi−k/2
)
+ exp
(−Θ(N)) = Θ(1/N), (S33)
because some off-diagonal elements | 〈ν′|σˆzj |ν〉 | that are appeared in Eq. (S22) scale as Θ(1/N). That indicates the
ordinary off-diagonal ETH [10–13], which requires exponentially fast decay of all off-diagonal elements, is not satisfied
in this model.
6G. Additional demonstrations of (ii)-(iv)
Although condition (S22) is weaker than the ordinary off-diagonal ETH [10–13] as mentioned above, there are some
models which do not satisfy it such as the longitudinal field Ising model (Jx = Jy = 0). Fig. S3 (a) shows k dependence
of χqchN (k), χ
T
N (k) and χ
S
N (k) in this model. Since mˆk is conserved, χ
qch
N (k) = 0 holds, while χ
T
N (k) and χ
S
N (k) > 0
for all k, resulting in the violation of Eq. (5) or equivalent condition (S22). In contrast, Fig. S3 (b) shows how the
susceptibilities behave when a small nonintegrability (Jx + Jy = 0.006, Jx − Jy = 0.012) is added to this system. For
the k = 0 component, each susceptibility, χqchN (0), χ
T
N (0) and χ
S
N (0), in (b) is almost the same as one in (a), and
Eq. (4) is not satisfied in both (a) and (b). On the other hand, the k 6= 0 component χqchN (k) differs dramatically
between (a) and (b), and Fig. S3 (b) indicates Eq. (5) is satisfied in (b). These results suggest that Eq. (5) is easily
satisfied as in (b), while we need more nonintegrability for Eq. (4). Reflecting these facts, χqch∞ (k) is discontinuous at
k = 0 in only (b), while χT∞(k) is uniformly continuous in both (a) and (b).
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FIG. S3. k dependence of χqchN (k), χ
T
N (k) and χ
S
N (k) in (a) longitudinal field Ising model (Jx = Jy = 0) and (b) XYZ model
with small Jx and Jy (Jx + Jy = 0.006, Jx − Jy = 0.012). Jz = 1.0, h = 0.8 and β = 0.15 are fixed. We take N = 12-14 and
k = 2pink/N with nk ∈ Z.
H. Relation to Kubo formula
The susceptibility obtained by Kubo formula [14, 15] is given as
χKuboN (k, ω + iε) =
∫ ∞
0
dt eiωt−εt
N
i
〈[mˆk(t),−mˆ†k]〉ini (S34)
= χTN (k) + (iω − ε)
∫ ∞
0
dt eiωt−εtβN〈δmˆk; δmˆk(t)〉ini, (S35)
where [Xˆ, Yˆ ] = XˆYˆ − Yˆ Xˆ is the commutator, ω is the angular frequency and ε is a small positive number.
From Eqs. (S35) and (S3), the following holds for all N and for all k,
lim
ε→+0
χKuboN (k, 0 + iε) = χ
T
N (k)− βN〈δmˆ0k; δmˆ0k〉ini = χqchN (k). (S36)
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